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Abstract
Let KC be the complexification of a compact connected Lie group K . Fixing a K-invariant inner product
on Lie(K), the total space of T ∗K is identified with KC. We show that the Liouville symplectic form on
T ∗K is Kähler with respect to the complex structure of KC.
© 2009 Elsevier Masson SAS. All rights reserved.
1. Introduction
Let K be a compact connected Lie group. Let KC be the complexification of K . Identify
Lie(K) with its dual Lie(K)∗ by fixing a K-invariant inner product on Lie(K). Fix a non-zero
real number μ. Let
Fμ : T ∗K −→ KC
be the diffeomorphism defined by (g,X) −→ g exp(√−1μX′), where X′ ∈ Lie(K) is the ele-
ment that corresponds to X ∈ Lie(K)∗ by the isomorphism Lie(K) −→ Lie(K)∗.
Using the above diffeomorphism Fμ, the complex structure on KC defines a complex struc-
ture on the total space of T ∗K . We prove that this complex structure on T ∗K is Kähler with
respect to the Liouville symplectic form on T ∗K (Proposition 2.1).
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H. Azad, I. Biswas / Bull. Sci. math. 133 (2009) 330–334 331Let G be a connected Lie group whose Lie algebra g is semisimple. Let ω ∈ Ω2(G) be a
closed left G-invariant two-form on G. We prove that there exists a unique left G-invariant one-
form θ ∈ Ω1(G) such that dθ = ω (see Proposition 3.1).
This work arose in our investigation, with Erik van den Ban, of the symplectic geometry of
the coadjoint orbits [1].
2. Kähler structure on cotangent bundle
Let K be a compact connected Lie group. The Lie algebra of K will be denoted by k. Fix an
inner product h on k which is left invariant by the adjoint action of K on k. The inner product
h identifies the Lie algebra k with its dual k∗. Using the identification of k with the left invariant
vector fields on K , the invariant inner product h defines a left invariant Riemannian metric on K .
Let KC be the complexification of K . So K is a maximal compact subgroup of KC, and the
Lie algebra of KC is k ⊗R C.
Take any non-zero real number μ ∈ R∗. Consider the diffeomorphism
Fμ : K × k −→ KC (2.1)
defined by (g,X) −→ g exp(√−1μX). So we have the following identification of the cotangent
bundle of K :
T ∗K = K × k∗ = K × k Fμ−→ KC, (2.2)
where Fμ is the diffeomorphism in (2.1), and k is identified with k∗ using the inner product h.
Let
Fμ : T ∗K −→ KC (2.3)
be the diffeomorphism constructed in (2.2).
Proposition 2.1. Let Jμ denote the complex structure on T ∗K obtained by pulling back the
complex structure of KC using the map Fμ defined in (2.3). Then Jμ together with the canonical
symplectic structure on T ∗K define a Kähler structure on T ∗K .
Proof. We will first show that it is enough to prove the proposition for μ = 1. To prove this
claim, consider the automorphism of the vector bundle
f : T ∗K −→ T ∗K
defined by multiplication with μ. So F 1 ◦ f = Fμ. Let Ω denote the canonical symplectic form
on T ∗K . It is easy to see that f ∗Ω = μ ·Ω . So f takes the pair (J1,Ω) to (Jμ,Ω/μ). Therefore,
the pair (Jμ,Ω) defines a Kähler structure on T ∗K if and only if (J1,Ω) defines a Kähler
structure.
We will henceforth assume that μ = 1.
Consider the Riemannian manifold K equipped with the invariant metric given by h. A com-
plex structure on the total space T K of the tangent bundle of K is called adapted if for each
geodesic
τ : R −→ K, (2.4)
the map
τC : C −→ T K (2.5)
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τC(a +
√−1b) = (τ(a), b · dτ(a)(1))
is holomorphic (see [2, Definition 4.1]); we note that the differential dτ(a) is a homomorphism
from the tangent space TaR = R to Tτ(a)X. This map τC clearly coincides with the composition
of the differential
dτ : T R −→ T K
of τ with the identification of T R with C that sends any β ∈ TαR to α +
√−1β ∈ C.
There can be at most one adapted complex structure on T K [2, Theorem 4.2]. Moreover, if J 0
is an adapted complex structure on T K , then the corresponding complex structure J ′0 on T ∗K ,
obtained by identifying T K with T ∗K using the invariant Riemannian metric, has the following
property: the canonical symplectic form Ω on T ∗K is a Kähler form with respect to J ′0 (in other
words, Ω is of Hodge type (1,1) with respect to J ′0); see [2, Corollary 5.5 and Theorem 5.6].
It is easy to see that any geodesics τ : R −→ K as in (2.4) is of the form
τ(t) = g exp(tA),
for some g ∈ K and A ∈ k (both g and A are independent of t). From this expression of τ it
follows that
F1
(
τC(a +
√−1b))= g exp(aA) exp(√−1bA) = g exp((a + √−1b)A), (2.6)
where F1 and τC are defined in (2.1) and (2.5) respectively (recall that μ = 1).
From (2.6) it follows immediately that the map τC is holomorphic with respect to the complex
structure on T K obtained by pulling back, using F1, the complex structure on KC. In other
words, this pulled back complex structure on T K is adapted. This completes the proof of the
proposition. 
3. Homogeneous spaces admitting closed invariant 2-forms
Let G be a connected Lie group with the property that its Lie algebra g is semisimple.
Proposition 3.1. Let ω ∈ Ω2(G) be a closed left G-invariant two-form on G. Then there exists a
unique left G-invariant one-form θ ∈ Ω1(G) such that dθ = ω.
Proof. Let Ωk(G)G denote the space of all left G-invariant smooth differential forms on G of
degree k. We have the sub-complex
0 −→ Ω0(G)G d0−→ Ω1(G)G d1−→ · · · di−1−→ Ωi(G)G di−→ Ωi+1(G)G di+1−→ · · · (3.1)
of the de Rham complex associated to G; here dk are the exterior derivatives. We note that the
evaluation map
 : β −→ β(e0)
defines a linear isomorphism Ωk(G)G =∧k g∗.
We evidently have a coboundary operator
δk :
∧k
g∗ −→
∧k+1
g∗
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morphisms of cohomologies induced by  are isomorphisms.
By the Whitehead lemmas, given a semisimple Lie algebra, the Lie algebra cohomology
vanishes in degrees one and two; see [3, p. 220, Theorem 3.12.1]. In other words, for the com-
plex (3.1),
kernel(d2)/image(d1) = 0.
Thus there exists a θ ∈ Ω1(G) such that dθ = ω. We will prove its uniqueness.
Since dθ = ω, we have
ω(e)(X,Y ) = θ(e)([X,Y ]) (3.2)
for all X,Y ∈ g, where e as before is the identity element. As
g = [g,g],
from (3.2) it follows that θ(e) is uniquely determined by ω(e). This completes the proof of the
proposition. 
Corollary 3.2. Let G be as above. Let H ⊂ G be a closed subgroup. If ω is a closed G-invariant
two-form on G/H , then there is a unique linear form η on g such that
ω(e)(X,Y ) = −η([X,Y ])
for all X,Y ∈ g. Moreover, this linear form η is invariant under the coadjoint action of H on g∗.
Conversely, if η ∈ g∗ is invariant under the coadjoint action of H on g∗, then
ω(e)(X,Y ) = −η([X,Y ])
defines a closed G-invariant two-form on G/H .
Proof. Take any closed G-invariant two-form ω on G/H .
Let
π : G −→ G/H
be the quotient map. The pullback π∗ω is a left G-invariant, as well as a right H -invariant, form
on G. We note that
π∗ω(e)(X,Y ) = 0
if at least one of X and Y is in h = Lie(H).
From Proposition 3.1 we know that π∗ω has a unique G-invariant potential θ . Therefore,
π∗ω(X,Y ) = −θ([X,Y ])
for G-invariant vector fields X and Y ; here [X,Y ] is the Lie bracket of vector fields. Moreover,
by the uniqueness of the potential θ , it is left G-invariant, and also a right H -invariant, form
on G.
Let η := θ(e) be the evaluation of θ at e ∈ G. So, η is ad(H)-invariant, and differentiating we
conclude that
η
([X,Y ])= 0
if X ∈ g and Y ∈ h.
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one of X and Y is in h. Hence
ω(e)(X,Y ) := −η([X,Y ])
descends to a G-invariant two-form on the quotient space G/H . This completes the proof of the
corollary. 
Corollary 3.3. Given a closed subgroup H of a semisimple Lie group G, if the quotient space
G/H admits a G-invariant non-zero two-form, then H is contained in the centralizer Z(c) ⊂ G
for some c ∈ Lie(G).
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